We study the initial value problem for Lovelock and Horndeski theories of gravity. We show that the equations of motion of these theories can be written in a form that, at weak coupling, is strongly hyperbolic and therefore admits a well-posed initial value problem. This is achieved by introducing a new class of "modified harmonic" gauges for general relativity. arXiv:2003.08398v1 [gr-qc] 
Introduction
Lovelock theories of gravity are the most general theories in which the gravitational field is described by a single metric tensor satisfying a diffeomorphism invariant second order equation of motion [1] . In vacuum, the equation of motion of a Lovelock theory in d spacetime dimensions is:
where G µν is the Einstein tensor, Λ is the cosmological constant, k p are dimensionful coupling constants, we have scaled so that the coefficient of the Einstein term is unity 1 , and the generalized Kronecker delta is given by δ ρ 1 ...ρq
For d = 4, the antisymmetrization implies that equation (1) reduces to the vacuum Einstein equation. For d > 4 Lovelock theories introduce finitely many new terms into the equation of motion. The Lovelock theory with k p = 0 for p > 2 is referred to as Einstein-Gauss-Bonnet (EGB) theory. This is of particular interest because it can be motivated by effective field theory (EFT). In EFT, one adds to the Einstein-Hilbert Lagrangian all possible higher derivative scalars built from the metric, with suitable dimensionful coefficients. Consider the EFT for vacuum gravity. There are three independent 4-derivative terms that can appear in the Lagrangian. The first two are R 2 , R µν R µν . Since these involve the Ricci tensor, which appears in the equation of motion of the 2-derivative theory, they can be eliminated by field redefinitions [2] . The third 4-derivative term can be chosen to be 1 We will not consider Lovelock theories for which this coefficient vanishes.
Variation of this term gives the p = 2 term in the Lovelock equation of motion. Hence, if one truncates the EFT, retaining only the terms with up to 4 derivatives, then one has EGB theory. Thus, in the absence of matter, EGB theory gives the leading order EFT corrections to General Relativity (GR) in d > 4 dimensions. Horndeski theories are the most general theories of a metric tensor coupled to a scalar field φ, with second order equations of motion, arising from a diffeomorphism-invariant action in d = 4 spacetime dimensions [3] . A subset of Horndeski theories can be motivated by EFT. We start with a scalar field minimally coupled to gravity and then add to the action all possible higher derivative scalars built from the metric and the scalar field. If we assume a parity symmetry then, by exploiting field redefinitions, the action can be written [4] 
where we have neglected terms with 6 or more derivatives, X ≡ −(1/2)g µν ∂ µ φ∂ ν φ, V, α, β are arbitrary functions and L GB is given in (3) . We will call this 4-derivative scalar-tensor theory (4∂ST theory). The special case with α(φ) = 0 is called Einstein-dilaton-Gauss-Bonnet (EdGB) theory. 4∂ST-theory has second order equations of motion and hence must be a Horndeski theory although some work is required [5] to rewrite its action in the canonical form of a Horndeski theory. A minimal requirement for a Lovelock or Horndeski theory to be viable as a classical field theory is that it should admit a well-posed initial value formulation. This means that, given initial data satisfying the constraint equations, there exists, for a non-zero time interval, a unique (up to diffeomorphisms) solution of the equations of motion that depends continuously on the initial data. In Appendix A we explain why a sufficient condition for well-posedness is that there should exist a formulation of the equations of motion which is strongly hyperbolic [6, 7, 8] . Here, by "formulation", we mean a choice of gauge, and the inclusion of appropriate gauge-fixing terms in the equations of motion.
Previous work has shown that even weak hyperbolicity can fail in Lovelock [9] or Horndeski [10, 11, 12, 13] theories once the spacetime curvature and/or scalar field derivatives become large enough that the higher-derivative Lovelock or Horndeski terms in the equation of motion are comparable to the 2-derivative terms. We will refer to this as the strongly coupled regime of these theories. So in this regime these theories are not viable as classical theories.
Henceforth we will restrict to the weakly coupled regime of these theories. By this we mean that the higher derivative terms in the Lovelock or Horndeski equations of motion are small compared to the 2-derivative terms. Note that this is compatible with the fields being strong in the sense of nonlinearities being important e.g. it is compatible with black hole formation provided the black hole is large compared to, say, the length scale defined by the coupling constant k 2 in EGB theory. From an EFT perspective, the weakly coupled regime is the only situation in which we would trust EGB or 4∂ST theory because once the theory becomes strongly coupled, all of the higher derivative terms that we have neglected would become important.
The issue of hyperbolicity is gauge-dependent. To obtain a strongly hyperbolic formulation of a gravitational theory one must find a "good gauge" and a good choice of gauge fixing terms. This is in contrast with, say, theories of nonlinear electromagnetism, where one can write the equations of motion in terms of a gauge invariant quantity, namely the field strength (see e.g. [14] ). In General Relativity (GR), the simplest way of establishing well-posedness is to work in harmonic gauge [15] , possibly including source terms, i.e., a generalized harmonic gauge. Previous work [10, 16] has investigated this class of gauges for Lovelock and Horndeski theories. It was shown that, at weak coupling, these theories are weakly hyperbolic in such gauges. However, for Lovelock theories they are not strongly hyperbolic at weak coupling unless k p = 0 for all p. Only a small subset of harmonic gauge Horndeski theories are strongly hyperbolic at weak coupling [10, 16] . An alternative class of numerical-relativity-inspired gauges was studied in [17] and used to establish strong hyperbolicity at weak coupling for a larger class of Horndeski theories. Unfortunately it does not appear possible to extend this success to more general Horndeski theories (such as EdGB) or to Lovelock theories. 2 In the absence of a well-posed formulation of the equations of motion, an alternative approach is conventional in EFT. If the coefficients of the higher-derivative terms are proportional to some small parameter then one can seek solutions as an expansion in powers of . For example, this approach has been adopted in recent studies of EdGB theory [19, 20, 21] . This requires that the solution remains close, globally in time, to a solution of the = 0 theory. However, in practice, small deviations from the = 0 theory may gradually accumulate over time until they become large (e.g. this could be an orbital phase in a binary black hole spacetime). This would lead to a breakdown of the perturbative approach in a situation where the EFT equations of motion should still be valid. On the other hand, a well-posed formulation of these equations of motion would be able to accommodate such secular effects [22] .
In this paper we will introduce a strongly hyperbolic formulation of weakly coupled Lovelock and Horndeski theories. To do this, we will introduce a modification of the usual harmonic gauge condition and gauge-fixing term used in GR. We will prove that our modified harmonic gauge equations of motion for GR are strongly hyperbolic. We will then show that strong hyperbolicity is preserved when we deform the theory by introducing Lovelock or Horndeski terms provided these are small, i.e., provided the theory is weakly coupled. A brief account of this approach, focusing on the theory (4), appeared in our recent Letter [23] . The present paper will give a full explanation of our approach for a general Lovelock or Horndeski theory, and a proof of strong hyperbolicity.
To explain the main idea, consider harmonic gauge GR. In this gauge, the metric satisfies a nonlinear wave equation. Not all solutions of this equation are physical. Unphysical solutions arise from two sources. First there is a residual gauge symmetry, so there are unphysical "pure gauge" solutions. Second, the equation admits solutions which violate the harmonic gauge condition so there are unphysical "gauge-condition violating" solutions. In harmonic gauge GR, both types of unphysical solution propagate at the speed of light, i.e., at the same speed as physical solutions.
Strong hyperbolicity concerns the behaviour of the theory at high frequency. At high frequency, the above solutions can be regarded (roughly speaking) as waves with different polarizations. Strong hyperbolicity requires that a certain matrix needs to be diagonalizable with real eigenvalues. The eigenvectors of this matrix are essentially the polarization vectors of high frequency waves. Harmonic gauge GR is strongly hyperbolic, so this matrix is diagonalizable. However, its eigenvalues are highly degenerate because the different types of solution all travel with the same speed. In particular, the eigenvalues associated with the "pure gauge" and "gauge-condition violating" polarizations are the same. When we deform the theory by turning on Lovelock or Horndeski terms, the "pure gauge" and "gauge-condition violating" modes continue to propagate at the speed of light and so these eigenvalues remain degenerate. But, generically, if eigenvalues are degenerate then the matrix will not be diagonalizable, and this is why strong hyperbolicity fails in harmonic gauge [10, 16] .
Our approach overcomes this problem by introducing a modification of the usual harmonic gauge condition such that the "pure gauge" modes propagate along the null cone of an auxiliary (inverse) metricg µν instead of the null cone of the physical metric. We implement this gauge condition by adding a gauge-fixing term to the equation of motion for the physical metric. In this gauge-fixing term we introduce another auxiliary (inverse) metricĝ µν . The effect of this is to obtain a new formulation of GR in which the "pure gauge" modes propagate along the null cone ofg µν , the "gauge-condition violating" modes propagate along the null cone ofĝ µν and the physical modes propagate along the null cone of g µν . By choosingg µν andĝ µν such that these three null cones don't intersect, we ensure that the three different types of mode propagate with different speeds. We will show that this formulation of GR is strongly hyperbolic. Furthermore, the degeneracy discussed above is now absent and so, when we introduce a deformation by turning on Lovelock or Horndeski terms, the theory remains strongly hyperbolic at weak coupling. This paper is organized as follows. In section 2 we introduce our modified harmonic gauge formulation of vacuum GR and explain why it admits a well-posed initial value problem. In sections 3 and 4 we extend this formulation to weakly coupled Lovelock and Horndeski theories respectively. Section 5 contains further discussion, including the implementation of our formulation in numerical relativity. Appendix A explains the connection between strong hyperbolicity and well-posedness. The focus of this paper is on gravitational theories but in Appendix B we show that our formulation can also be applied to electromagnetism.
2 General Relativity in modified harmonic gauge
The modified harmonic gauge equation of motion
Let g µν be the physical metric. The vacuum Einstein equation is
We introduce an auxiliary (inverse) Lorentzian metricg µν and define
where quantities without tildes are calculated using the metric g µν (so H µ involves both g µν and g µν ). Our modified harmonic gauge condition is
This is a linear wave equation for x µ , which admits a well-posed initial value problem for initial data prescribed on a surface Σ that is spacelike w.r.t.g µν . So, at least locally, coordinates can be chosen to satisfy this gauge condition, just as for conventional harmonic gauge [15] . Now introduce another auxiliary (inverse) Lorentzian metricĝ µν and define
Our modified harmonic gauge equation of motion is
We have three inverse metrics g µν ,g µν andĝ µν . The inverse of g µν is denoted, as usual, by g µν and index raising and lowering is always performed with g. When we need to refer to the inverse ofĝ µν (say) we will write (ĝ −1 ) µν . The usual harmonic gauge formulation of GR is obtained by choosinĝ g µν =g µν = g µν . We will assume thatĝ µν is chosen so that the causal cone of g µν (in the cotangent space) lies strictly inside the causal cone ofĝ µν , so that any covector that is causal w.r.t. g µν is timelike w.r.t. g µν . See Fig. 1a . This implies that the causal cone of (ĝ −1 ) µν (in the tangent space) lies strictly inside the causal cone of g µν (Fig. 1b ) so any smooth curve that is causal w.r.t. (ĝ −1 ) µν is timelike w.r.t. g µν . This implies that any point in the domain of dependence D(Σ) of a partial Cauchy surface Σ w.r.t. g µν is also in the domain of dependenceD(Σ) of Σ w.r.t. (ĝ −1 ) µν . In other words, D(Σ) ⊂D(Σ).
We will also assume thatg µν is chosen so that the causal cones of the three inverse metrics form a nested set as in Fig. 1a , with the null cones ofĝ µν andg µν lying outside the null cone of g µν . This implies that a surface Σ that is spacelike w.r.t. g µν is also spacelike w.r.t.ĝ µν andg µν .
In Fig 1 we have drawn the null cone ofg µν inside that ofĝ µν but we could also choose it to lie outside. What is important is that these null cones do not intersect and that they both lie outside that of g µν . 3 Since the causal cones of the three metrics form a nested set, there are no subtleties with defining time orientations for the unphysical auxiliary metrics. Given a time orientation for the physical metric g µν we define the future (past) causal cone of (ĝ −1 ) µν to be the one inside the future (past) causal cone of g µν and similarly for (g −1 ) µν . In Appendix B we explain how our modified harmonic gauge condition and gauge-fixing procedure can also be applied to Maxwell theory, which gives a "modified Lorenz gauge" formulation of Maxwell's equations.
Propagation of the gauge condition
Our first task is to show that solutions of (11) are also solutions of the vacuum Einstein equation provided that the initial data satisfies the constraint equations and the modified harmonic gauge condition. The argument follows closely the usual argument for harmonic gauge GR [15] . Given a solution g µν of (11) on a manifold M , the contracted Bianchi identity gives
where the ellipsis denotes terms linear in first derivatives of H ρ . Thus the modified harmonic gauge equation of motion implies that H µ satisfies a linear wave equation with principal symbol (1/2)ĝ αβ ξ α ξ β . Let Σ ⊂ M be a surface that is spacelike with future-directed unit normal n µ w.r.t. g µν . Then Σ is also spacelike w.r.t.ĝ µν so (12) admits a well-posed initial value problem for initial data H µ andĝ νρ n ν ∂ ρ H µ prescribed on Σ. If H µ andĝ νρ n ν ∂ ρ H µ vanish on Σ then it follows from well-posedness of the initial value problem for (12) that H µ vanishes throughout the domain of dependenceD(Σ) ⊂ M . Hence (M, g) will satisfy the vacuum Einstein equation E µν = 0 inD(Σ). Since D(Σ) ⊂D(Σ), it then follows that (M, g) satisfies the Einstein equation in D(Σ). Now consider the initial value problem for (11) . In GR, initial data is a triple (Σ, h ij , K ij ) where Σ is a 3-manifold and, in some chart x i on Σ, h ij and K ij are the components of a Riemannian metric and a symmetric tensor on Σ. These must satisfy the usual constraint equations of GR. We now parameterize the metric g µν in terms of a lapse function and shift vector in the usual way, which ensures that surfaces of constant x 0 are spacelike w.r.t. g µν and hence also w.r.t.ĝ µν and g µν . At x 0 = 0 the lapse and shift can be chosen arbitrarily. Given a choice of lapse and shift, the values of g ij and ∂ 0 g ij at x 0 = 0 are fixed by requiring that the surface x 0 = 0 matches the data on Σ, i.e., it has induced metric h ij and extrinsic curvature K ij .
The time derivatives of the lapse and shift at x 0 = 0 are fixed by requiring that H µ = 0 at x 0 = 0. This is possible because the equation H i = 0 has the formg 00 ∂ 0 g 0i = . . . where the ellipsis denotes terms not involving ∂ 0 g 0µ . The surface x 0 = 0 is spacelike w.r.t.g µν sog 00 = 0 hence ∂ 0 g 0i can be chosen to ensure that H i = 0. The equation H 0 = 0 then has the formg 00 ∂ 0 g 00 = . . . where the ellipsis is independent of ∂ 0 g 00 . Hence ∂ 0 g 00 can be chosen to ensure that H 0 = 0.
We have specified initial data (g µν , ∂ 0 g µν ) at x 0 = 0 that matches the initial data on Σ and satisfies H µ = 0 at x 0 = 0. We can now identify Σ with the surface x 0 = 0.
The initial data satisfies the constraint equations of GR so E µ0 = 0 at x 0 = 0. Evaluating the 0µ components of (11) at x 0 = 0 and using the vanishing of the tangential derivative ∂ i H µ at x 0 = 0, we obtain ∂ 0 H µ = 0 at x 0 = 0. Hence all first derivatives of H µ vanish at x 0 = 0 soĝ νρ n ν ∂ ρ H µ = 0 on Σ.
In summary, we have shown that we can choose the initial time derivative of the lapse and shift such that H µ =ĝ νρ n ν ∂ ρ H µ = 0 on Σ. Hence, if (M, g) is a solution of (11) that matches our initial data (g µν , ∂ 0 g µν ) on Σ, then g µν will then satisfy the vacuum Einstein equation throughout D(Σ) ⊂ M .
For technical reasons we will explain later, we will demand that the initial lapse and shift are chosen so that ∂/∂x 0 is timelike w.r.t. all three metrics (although this condition may not be necessary for well-posedness). If this condition is satisfied initially then, by continuity, it will hold in a neighbourhood of the initial surface.
Strong hyperbolicity
In this section we will show that the modified harmonic gauge equation of motion (11) admits a well-posed initial value problem. In Appendix A we review how strong hyperbolicity of an equation guarantees well-posedness of the initial value problem. So in this section we will establish wellposedness by showing that (11) is strongly hyperbolic. Strong hyperbolicity is a property of the 2nd derivative terms in the equation of motion, i.e., of the principal symbol. 4 Let ξ µ be an arbitrary covector. The principal symbol of (11), acting on a symmetric tensor t µν , is defined by the replacement ∂ µ ∂ ν g ρσ → ξ µ ξ ν t ρσ in the terms involving 2nd derivatives. The result is
where we have decomposed the RHS into a part arising from the Einstein tensor and a part arising from the gauge-fixing term in (11) . The part arising from the Einstein tensor is
and the part arising from the gauge-fixing term is
where we have defined, in analogy with (10),
In conventional harmonic gauge (ĝ µν =g µν = g µν ), the gauge fixing term cancels the second term of (14) but this is no longer the case in our modified harmonic gauge. We will use indices I, J, . . . to refer to a basis for symmetric tensors, i.e., we will sometimes write t I instead of t µν . Such indices take values from 1 to N = d(d + 1)/2, where d is the spacetime dimension. We can then view P(ξ) as a N ×N matrix P (ξ) IJ . If we do this then the matrix P (ξ) IJ is symmetric. Since P(ξ) is quadratic in ξ µ we have
where P IJγδ can be read off from the above expressions. In coordinates x µ = (x 0 , x i ) we can write
where
Note that ξ i are the components of the pull-back of ξ µ to the surfaces of constant x 0 .
We can write A IJ = A IJ + A IJ GF etc, and the quantities with a star subscript are symmetric matrices. As explained in section 2.2, we can arrange that surfaces of constant x 0 are spacelike w.r.t. g µν , at least in a neighbourhood of our initial value surface. This implies that these surfaces are also spacelike w.r.t.ĝ µν andg µν . We will show below that a covector is characteristic if, and only if, it is null w.r.t. one of these three inverse metrics. Since dx 0 is timelike w.r.t. g µν , it is timelike w.r.t. all three inverse metrics. It follows that dx 0 is non-characteristic, which implies that surfaces of constant x 0 are non-characteristic and hence the matrix A IJ is invertible.
As reviewed in Appendix A, to define strong hyperbolicity we introduce a (2N ) × (2N ) real matrix depending on the (real) spatial components ξ i of ξ µ (as well as the spacetime coordinates x µ but we suppress this dependence):
We assume there exists a smooth Riemannian inverse metric G ij on surfaces of constant x 0 . For example, our condition that ∂/∂x 0 is timelike implies that g ij is positive definite so we could choose G ij = g ij . We say that ξ i is a unit covector if G ij ξ i ξ j = 1.
Strong hyperbolicity is the statement that, for any (real) unit covector ξ i , the matrix M (ξ i ) admits a symmetrizer: a positive definite hermitian matrix K(ξ i ) such that
The symmetrizer must satisfy the condition that it depends smoothly on ξ i and also on the spacetime coordinates x µ that we have suppressed above. Strong hyperbolicity implies that M (ξ i ) is diagonalizable with real eigenvalues. Conversely, if M (ξ i ) is diagonalizable with real eigenvalues then one can construct a symmetrizer provided the eigenvectors of M (ξ i ) depend smoothly on the unit vector ξ i . The symmetrizer is (S −1 ) † S −1 where S is the matrix whose columns are the eigenvectors.
In appendix A we explain why strong hyperbolicity guarantees well-posedness of the initial value problem. The argument presented there assumes det M = 0, which is equivalent to det C = 0, which is equivalent to the condition that a covector of the form (0, ξ i ) is never characteristic. This is guaranteed by our condition that ∂/∂x 0 is timelike w.r.t. all three metrics, since this implies ξ 0 = 0 for any covector ξ µ that is null w.r.t. one of the three metrics, as we will show is the case for a characteristic covector.
We will now determine the eigenvalues and eigenvectors of M (ξ i ). If ξ 0 is an eigenvalue of M (ξ i ) then the eigenvalue equation reduces to the condition that the eigenvector is of the form
with ξ µ = (ξ 0 , ξ i ). This equation states that ξ µ is characteristic, with ξ 0 a root of the characteristic polynomial det P(ξ). This is a polynomial of degree 2N in ξ 0 hence there are 2N (possibly degenerate) eigenvalues ξ 0 and 2N corresponding characteristic covectors ξ µ . Strong hyperbolicity requires that these eigenvalues are all real and (in the case of degeneracy) that the algebraic multiplicity of each eigenvalue is equal to its geometric multiplicity (the dimension of the space of solutions t I to (22) ).
The contracted Bianchi identity implies, for any ξ µ ,
Hence contracting (22) with ξ ν gives
So the analysis splits into two cases:
Physically, this case corresponds to a high-frequency wave with wavevector ξ µ and polarization t I that satisfies the gauge condition (8) . The condition (25) implies P GF (ξ)t = 0 and so (22) reduces to P (ξ) µνρσ t ρσ = 0
We can divide the analysis into two subcases. Subcase (ia) is defined by g γδ ξ γ ξ δ = 0. Equation (26) contains a term −(1/2)g γδ ξ γ ξ δ t µν and all other terms have the form Y (µ ξ ν) for some Y µ (depending on t), or are proportional to g µν . It follows that t µν must have the form
for some X µ and c. Equation (26) 
Our requirement that the null cones of g µν andg µν do not intersect implies that this is consistent with our starting assumption g γδ ξ γ ξ δ = 0.
Since our surfaces of constant x 0 are spacelike w.r.t.g µν , (28) admits two real solutionsξ ± 0 which depend smoothly on ξ i . We write the corresponding characteristic covectors asξ ± µ = (ξ ± 0 , ξ i ), and these are null w.r.t.g µν . The choice of ± corresponds to this null covector lying on either the future or past null cone ofg µν . Since dx 0 is timelike w.r.t.g µν we can distinguish these two possibilities by the sign of the non-zero quantity (dx 0 ) µg µνξ± ν =g 0νξ± ν . Our convention is that ∓g 0νξ± ν > 0. The corresponding eigenvectors are t µν = X (µξ ± ν) where X µ is an arbitrary covector. These are "pure gauge" eigenvectors, arising from a residual gauge freedom of (11) . Note that in this case we have d eigenvectors for each eigenvalueξ ± 0 . Subcase (ib) is defined by
Since surfaces of constant x 0 are spacelike w.r.t. g µν this equation admits two real solutions ξ ± 0 depending smoothly on ξ i . The characteristic covector is ξ ± µ = (ξ ± 0 , ξ i ), which is null w.r.t. g µν . We fix the signs as in case (ia) by demanding that
This says that the "polarization" t µν is transverse w.r.t. g µν . (Note that we should really include a ± superscript on t µν but we suppress this to ease the notation.) However, the defining condition of case (i) givesP β δρσ ξ ± δ t ρσ = 0 (31) so the polarization is also transverse w.r.t.g µν . In order to solve these conditions we can introduce a basis {e 0 , e 1 , eî,î = 2, . . . , d − 1} for the tangent space such that (e 0 ) µ = ξ ±µ and e µ 1 ∝ ξ ∓µ , so e 0 and e 1 are both null w.r.t. g µν . The normalization of e 1 , and the other (spacelike) basis vectors are chosen so that g(e 0 , e 1 ) = 1 g(eî, eĵ) = δîĵ (32) and all other inner products of basis vectors w.r.t. g vanish. Since ξ ± µ depends smoothly on ξ i , our basis can be chosen to depend smoothly on ξ i . In such a basis, equation (30) reduces to t 00 = t 0î = tîî = 0. Since the null cones of g µν andg µν do not intersect, it follows that 0 =g µν ξ ± µ ξ ± ν =g 11 . Using this, equation (31) reduces to t 01 = 0 and
In summary, we have shown that t 0µ = tîî = 0 (34) and all components of t µν are determined (via (33)) by the traceless quantity tîĵ, which has
independent components so the corresponding eigenspace has dimension d(d − 3)/2. This is the number of degrees of freedom of a graviton, so these eigenvectors correspond to physical polarizations. If we choose a set of linearly independent eigenvectors for which tîĵ is independent of ξ i then these eigenvectors will depend smoothly on ξ i .
Since our surfaces of constant x 0 are spacelike w.r.t.ĝ µν , it follows that this equation admits two real solutionsξ ± 0 . We write the characteristic covector asξ µ = (ξ ± 0 , ξ i ) and fix the signs as in the previous cases by requiring that ∓ĝ 0νξ± ν > 0. Recall (from (23) and (24)) that (35) guarantees that the contraction of (22) withξ ± ν is satisfied, i.e., d components of (22) are trivial. So (22) is d(d+1)/2−d linear equations involving the d(d+1)/2 components of t µν . It follows that there must exist at least d linearly independent solutions t µν for each eigenvalueξ ± 0 . We can see that there exist exactly d such solutions simply by counting the number of eigenvectors we have already determined. We have 2d eigenvectors in case (ia) (d for each eigenvalueξ ± 0 ) and d(d − 3) eigenvectors in case (ib) (d(d − 3)/2 for each eigenvalue ξ ± 0 ). So we have already found d(d − 1) eigenvectors in case (i). The total number of eigenvectors of M (ξ i ) cannot exceed 2N = d(d + 1) so we can have at most 2d eigenvectors in case (ii). Since we have at least d eigenvectors for each eigenvalueξ ± 0 it follows that we must have exactly d eigenvectors for each of these eigenvalues. Since these eigenvectors are associated with characteristics that are null w.r.t.ĝ µν , i.e., the same as the characteristics of (12), we interpret these eigenvectors as describing "gauge-condition violating" polarizations.
We can construct these eigenvectors as follows. Sinceξ ± µ is null w.r.t.ĝ µν , it is spacelike w.r.t. g µν . We now introduce a basis {e µ 0 , e µ 1 , . . . , e µ d−1 } of vectors that are orthonormal w.r.t. g µν . We choose this basis so that e µ 1 is in the direction of the spacelike vectorξ ±µ . This orthonormal basis can be chosen so that the basis vectors depend smoothly on ξ i . 5 We define indices A, B, . . . to take values 0, 2, 3, . . . , d − 1. As just discussed, the contraction of (22) withξ ± µ is trivial so, in our basis, only the AB components of this equation are non-trivial. Furthermore, (23) implies that the only non-vanishing components of P (ξ ± ) µνρσ are P (ξ ± ) ABCD .
In this basis, a general symmetric tensor can be written as
where the 1µ components of t are proportional to the vector X µ of the first term. Note that this first term is in the kernel of P (ξ ± ).
To construct the eigenvectors, let v µ be an arbitrary vector. Consider the equation
We claim that this can be uniquely solved for t AB . We will show that P (ξ ± ) ABCD has trivial kernel and is therefore invertible. So assume that s AB belongs to this kernel, i.e.,
This implies that, for any s 1µ ,
This is the same as equation (26) that we encountered in case (i) and can be solved as in subcase (ia). Using the fact thatξ ± µ is non-null w.r.t. g µν , it follows from the tensorial structure of the equation that any such s ρσ must have the form s ρσ = c g ρσ +ξ ± (ρ Y σ) for some c and Y σ . Substituting this into (39) gives c = 0. Hence s µν must be "pure gauge", i.e., the only non-trivial components are s 1µ . In particular s AB = 0 so the kernel of P (ξ ± ) ABCD is trivial as claimed. Hence (37) can be solved uniquely for t AB . Furthermore, since the operator on the LHS depends smoothly on ξ i , it follows that the solution t AB will depend smoothly on ξ i and v µ . We also have
because both sides have vanishing contraction withξ ± µ and hence with the basis vector e 1 . Next we fix X µ by requiring thatP
This equation can be solved uniquely for X µ in terms of v µ and t AB . To see this, note that the action ofP µνρσξ±
On the RHS, we know thatξ ± µ is non-null w.r.t.g µν because the null cones ofg µν andĝ µν do not intersect. Hence (41) determines X µ in terms of v µ and t AB :
Let t AB (v) denote the solution of (37) and let
This satisfies (22) because
where we used (40) in the second equality and (41) in the third. For every v µ we have constructed a solution t µν of (22) that depends smoothly on v µ and ξ i . If we choose a set of d linearly independent vectors v µ then the corresponding t AB are also linearly independent (using the triviality of the kernel mentioned above), and so the resulting t µν are linearly independent. Thus, for each eigenvalueξ ± 0 , we have constructed a set of d linearly independent eigenvectors depending smoothly on ξ i .
In summary, the above calculation shows that M (ξ i ) has 6 distinct eigenvalues, namely ξ ± 0 ,ξ ± 0 andξ ± 0 . These are all real. We have also shown that M (ξ i ) has a full set of 2N linearly independent eigenvectors depending smoothly on ξ i . Hence we have established that (11) is strongly hyperbolic.
Lovelock theories

Principal symbol
We define the modified harmonic gauge equation of motion of a Lovelock theory in exactly the same way as in GR. We start from the equation of motion in the form (1) and add a gauge fixing term as in (9) to obtain the modified harmonic gauge equation of motion in the form (11), i.e.,
Initial data for (46) consists, as in GR, of a triple (Σ, h µν , K µν ) which must satisfy the constraint equations arising from (1). The auxiliary metricsg µν andĝ µν are chosen in the same way as in GR and we continue to raise/lower indices using g µν and g µν . The argument for the propagation of the gauge condition is identical to GR (section 2.2) since it uses only the Bianchi identity for E µν , which continues to hold in Lovelock theories.
The Lovelock equation of motion is not quasilinear, i.e., it is not linear in 2nd derivatives. We define the principal symbol as explained in appendix A. The result can be written as in (13) where the gauge-fixing term is (15) and the matrix P (ξ) now takes the form [24, 9, 10] 
In this equation, the terms in the first line arise from the Einstein tensor and the second line is the Lovelock contribution.
We can now explain what we mean by the theory being "weakly coupled". The Lovelock coupling constants k p are dimensionful. "Weakly coupled" means that the spacetime curvature is small compared to the scales defined by these constants. More precisely, it means that the terms on the second line of (47) are small compared to the terms on the first line (which don't involve the curvature). If our initial data is such that this assumption is satisfied then, by continuity, a solution of (46) arising from this data will continue to be weakly coupled in a neighbourhood of Σ. However, the theory may become strongly coupled when one considers evolution over larger time intervals. For example, the theory would become strongly coupled if a curvature singularity forms. At strong coupling, well-posedness can fail [9] .
Although not quasilinear, Lovelock theories have the special property that the equation of motion is linear in the second derivatives w.r.t. any given coordinate [25] , and this property is not affected by the gauge fixing term. So in a chart x µ the modified harmonic gauge equation of motion takes the form
where we are using the notation of section 2.3 in which indices I, J, . . . label a symmetric tensor so g I is the physical metric. A IJ is defined in terms of P (ξ) as in (19) . The point is that the above equation is linear in ∂ 2 0 g I . A surface of constant x 0 is non-characteristic iff the matrix A IJ is invertible on that surface. Recall that in GR this is guaranteed if the surface is spacelike w.r.t. g µν , so det A IJ = 0 on such a surface in GR. By continuity, we must also have det A IJ = 0 on a spacelike surface in Lovelock theory provided the theory is sufficiently weakly coupled.
For non-quasilinear equations with the special property just described, the initial value problem is well-posed for initial data prescribed on a (non-characteristic) surface of constant x 0 provided that the equation of motion is strongly hyperbolic. (For more details, see Appendix A.) Thus to establish well-posedness we just need to demonstrate that our modified harmonic gauge Lovelock equation of motion (46) is strongly hyperbolic.
Proof of strong hyperbolicity
Our proof follows closely the analysis (and notation) of section 2.3. We define the matrices A IJ , B IJ and C IJ in terms of the principal symbol as in (19) and then define M (ξ i ) with (20) . We want to show that this matrix satisfies the conditions for strong hyperbolicity reviewed in section 2.3. At weak coupling, this matrix will be close to the corresponding matrix for GR. Several steps of our argument will exploit continuity to deduce that certain features of M (ξ i ) are preserved when we deform from GR to a weakly coupled Lovelock theory.
For modified harmonic gauge GR, we showed that M (ξ i ) has 6 distinct eigenvalues. At sufficiently weak coupling, the Lovelock terms give a small deformation of the matrix M (ξ i ). Since the eigenvalues of M (ξ i ) depend continuously on M (ξ i ), the resulting eigenvalues will fall into 6 groups, which (following [26] ) we call the ξ + 0 -group, the ξ − 0 -group etc. Note that this division is possible only at weak coupling.
At this stage we do not know that the eigenvalues of M (ξ i ) are real so we view M (ξ i ) as acting on the 2N -dimensional vector space V of complex vectors of the form v = (t µν , t µν ) T where t µν and t µν are symmetric. For each eigenvalue λ we can define a "generalized eigenspace". This is the space
It corresponds to a single block of the Jordan decomposition of M (ξ i ). We then define the "total generalized eigenspace" associated to the ξ + 0 -group as the direct sum of the generalized eigenspaces of each eigenvalue in the ξ + 0 -group, and similarly for the other groups [26] . This gives the decomposition
where V + is the total generalized eigenspace associated to ξ + 0 -group etc. Note that these spaces depend on ξ i . In GR these spaces are simply the eigenspaces associated to each eigenvalue.
We define the operator [26]
where Γ + is a circle (traversed anticlockwise) in the complex z-plane that encloses the point z = ξ + 0 and is sufficiently small that only the eigenvalues of the ξ + 0 group lie inside this circle, with all other eigenvalues lying outside this circle. The residue theorem implies that Π + : V → V is a projection onto V + . We can define similar projectionsΠ + etc onto the other eigenspaces. Note that these projection operators are smooth functions of ξ i , the background curvature, the Lovelock couplings etc. Note that the dimension of V + is the trace of Π + . By continuity, this is the same for weakly coupled Lovelock theory as for GR and similarly for the dimensions of the other spaces in (49). Hence we know that V ± have dimension (1/2)d(d − 3) and the other spaces have dimension d.
Equation (23) is a consequence of the Bianchi identity for E µν and therefore holds in a Lovelock theory. This implies that the argument leading to (24) is valid for Lovelock theory. Thus the analysis splits into case (i) and case (ii) just as in GR.
We start by observing that the (real) "pure gauge" eigenvectors of subcase (ia) are also eigenvectors for Lovelock theory, with the same (real) eigenvaluesξ ± 0 . Hence the spacesṼ ± are genuine eigenspaces spanned by these eigenvectors. We will discuss the Lovelock generalization of subcase (ib) (the physical eigenvectors) below.
In case (ii) the analysis proceeds similarly to GR. This case is defined by (35), so the (real) eigenvalues areξ ± 0 , exactly as in GR. To construct the eigenvectors we proceed as in GR. The only step where the argument needs modifying is the demonstration that the kernel of P ABCD is trivial. We showed that this kernel is trivial for GR so P ABCD has non-vanishing determinant in GR. By continuity the determinant must remain non-zero in weakly coupled Lovelock theory. Hence the kernel is trivial for weakly coupled Lovelock theory. The rest of the argument is identical to the argument for GR. Hence one obtains d real smooth eigenvectors for each eigenvalueξ ± 0 . The spaceŝ V ± are therefore genuine eigenspaces.
It remains to discuss the "physical" eigenvalues of the ξ ± 0 -groups, which correspond to subcase (ib) of the GR analysis. Generically the eigenvalues of the ξ ± 0 group will be non-degenerate, unlike the cases just discussed. Roughly speaking, this corresponds to the fact that, in a Lovelock theory, gravitational waves with different polarizations travel (in a non-trivial background) with different speeds [9] . We will not attempt to construct the eigenvectors directly in this case. Instead we will construct an inner product on V ± which we will use to build a symmetrizer for M (ξ i ).
We start by defining the matrices
where A and B are defined as in (19) but using P instead of P. We use these matrices to define a Hermitian form (, ) ± on V ± as follows:
where v (1) and v (2) are in V ± . This is Hermitian because B and A are real symmetric matrices (because P is real symmetric) so H ± is also real symmetric. We will now show that this Hermitian form is positive definite and therefore defines an inner product. To do this we will show that it is positive definite for GR. By continuity (of the eigenvalues of the Hermitian form) it then follows that it is also positive definite for a weakly coupled Lovelock theory. In GR, the spaces V ± are genuine eigenspaces with eigenvalue ξ ± 0 , which implies that we have v (1) = (t (1) , ξ ± 0 t (1) ) T and similarly for v (2) . This implies that, in GR 6
(v (1) , v (2) 
where in the final step we used the fact that v (1) and v (2) belong to V ± so t (1) and t (2) satisfy the condition (30). Finally, evaluating this in the null basis we used to discuss case (ib) above, and using (33) and (34) we obtain
Since t 1µ is determined in terms of tîĵ by (33), and ∓ξ ±0 > 0, this is indeed a positive definite Hermitian form on V ± . Having established this for GR, the result then follows for weak-field Lovelock theory by continuity. Our next task is to show that the eigenvalues belonging to the ξ ± 0 groups are real. Consider two eigenvalues ξ 
0 t (2) ) T . The eigenvalues and eigenvectors may be complex. Since these eigenvectors belong to case (i) they satisfy the conditioñ
0 , ξ i ), and similarly for t (2) . We now have
The second equality uses the definition of A and B , the third equality uses the symmetry of P . The fourth equality follows from (55) which implies that t (1) is in the kernel of P GF (ξ (1) ) and similarly for t (2) . The final equality follows from (22) . Assume that the ξ + 0 -group contains an eigenvalue ξ 0 with Im(ξ 0 ) = 0 and corresponding eigenvector v (belonging to V + ). Since M (ξ i ) is real, it follows that ξ * 0 is also an eigenvalue, with eigenvector v * . We now set ξ
0 = ξ 0 and v (2) = v to deduce from the above
i.e. (v, v) + = 0. But we have already seen that (, ) + is positive definite in V + and so this equation implies that v = 0, a contradiction. Hence the eigenvalues in the ξ + 0 -group are all real and similarly for the ξ − 0 group. Finally we need to show that M (ξ i ) is diagonalizable. Note that we have already constructed d eigenvectors in each of the spacesṼ ± andV ± . So we just need to show that M (ξ i ) is diagonalizable in V ± . To do this we need more information about the elements of V ± . Note in particular that a general element of V ± is not an eigenvector, unlike the case of GR.
Consider the left eigenvectors of M (ξ i ). The left eigenvalues of a matrix are the same as its right eigenvalues. A simple calculation reveals that a left eigenvector with eigenvalue ξ 0 has the form
A family of left eigenvectors with eigenvalueξ ± 0 is obtained by choosing
Now, from the Jordan canonical form of M (ξ i ) it follows that a vector v = (t I , t I ) in any of the spaces V + , V − ,Ṽ + orṼ − must be orthogonal to these left eigenvectors in the sense that
Since X µ is arbitrary, this implies
This expression has to hold for both sign choices ±. Note that it is quadratic inξ ± 0 . We can eliminate (ξ ± 0 ) 2 using the defining equation (35), to obtain
and
(Recall thatĝ 00 = 0 because our surfaces of constant x 0 are spacelike w.r.t. g µν and hence spacelike w.r.t.ĝ µν .) Sinceξ + 0 =ξ − 0 , this implies that the vector (t I , t I ) must obey
We can simplify the expression for R µ as follows. Equating coefficients of different powers of ξ 0 in (23) gives
It follows that R µ depends only on the gauge-fixing term P GF . A calculation now gives
and so R µ = 0 impliesP β iρσ ξ i t ρσ +P β 0ρσ t ρσ = 0 (69) (As a check, note that this equation is satisfied by the eigenvectors in V ± andṼ ± since these have t ρσ = ξ 0 t ρσ , where ξ 0 is the eigenvalue and t µν satisfies (55).) Using this result, one can show that the gauge-fixing terms cancel out in S µ . However we will not need to consider S µ . We have shown that any vector in V ± orṼ ± must satisfy (69). Consider now the possibility that M (ξ i ) is not diagonalizable in V + , which means that there is a non-trivial Jordan block associated to an eigenvalue ξ 0 belonging to the ξ + 0 group. This implies that there is a vector w ∈ V + such that
for some t µν satisfying the characteristic condition (22) and the defining condition of case (i)
Writing out the components of (70) gives
Since the vector (u I , u I ) belongs to V + , it must satisfy the constraint (69). This gives P β γρσ ξ γ u ρσ +P β 0ρσ t ρσ = 0 (74)
Now write (73) as
Using (74) and (71) we find that
i.e. the gauge-fixing terms all cancel on the RHS of (75), leaving
Now contract this equation with t * ρσ (the complex conjugate of t ρσ ). Since P is symmetric we can write the LHS as uP (ξ)t * and this vanishes because P (ξ)t * = (P (ξ)t) * = (P (ξ)t) * = 0 using the fact that t satisfies (71). So we are left with
where v = (t I , ξ 0 t I ) is the eigenvector. But we showed earlier that (, ) + is positive definite. So we must have v = 0, which is a contradiction. Hence our assumption that there exists a non-trivial Jordan block must be false. Therefore M (ξ i ) must be diagonalizable within V + . A similar argument demonstrates that M (ξ i ) is diagonalizable within V − .
We have now proved that M (ξ i ) is diagonalizable with real eigenvalues. Since M (ξ i ) is real, this implies that we can choose the eigenvectors to be real. Our final task is to construct a symmetrizer. Note that the eigenvalues associated to V ± are generically distinct and have non-trivial dependence on the Riemann tensor and ξ i [9] . However, as ξ i is varied, the eigenvalues might cross and if this happens then the eigenvectors might not be smooth functions of ξ i [26] . This means that the standard choice of a symmetrizer in the subspaces V ± might not be smooth in ξ i , so the definition of strong hyperbolicity would not be satisfied. However, one can easily overcome this difficulty. Given two eigenvectors v (1) and v (2) in V ± with respective eigenvalues ξ (1) 0 and ξ
where the final equality is (56). Since the eigenvectors form a basis for V ± , it follows that H ± is a symmetrizer for M (ξ i ) within V ± . Crucially, H ± depends smoothly on ξ i . We now construct a symmetrizer for M (ξ i ) within V as a block diagonal matrix where the blocks associated toṼ ± andV ± are constructed from the (smooth) eigenvectors in the usual way, and the blocks associated to V ± are equal to H ± . More explicitly, let {v ± 1 , ..., v ± d(d−3)/2 } be a smooth basis for V ± and let {ṽ ± 1 , ...,ṽ ± d } and {v ± 1 , ...,v ± d } denote the smooth eigenvectors (constructed above) inṼ ± andV ± respectively. Furthermore, let S be the matrix whose columns are these (real) basis vectors. Then M (ξ i ) can be written as
where Ξ ± are d(d − 3)/2 × d(d − 3)/2 matrices and I d is the d × d unit matrix. Our proposal for the symmetrizer can also be written in a decomposed form as
where H ± are the d(d − 3)/2 × d(d − 3)/2 matrices whose elements are (Â,B = 1, 2, ..., d(d − 3)/2)
The matrix given by (81) then clearly satisfies (21) and therefore it is indeed a symmetrizer. Moreover, as explained above, it depends smoothly on ξ i . This concludes the proof of strong hyperbolicity.
Horndeski theories
In this section, we will analyze the hyperbolicity of the equations of motion of weakly coupled Horndeski theories in modified harmonic gauge. Our discussion uses similar ideas to the Lovelock case so to avoid repetition, we will merely point out the differences.
Principal symbol
We will write the action of a Horndeski theory in the form
with
and G i (i = 2, 3, 4, 5) are arbitrary coupling functions. Note that L 1 is the action of Einstein gravity minimally coupled to a scalar field with potential V , we will refer to this as Einstein-scalar field theory. We could absorb the terms in L 1 into other terms; the reason we do not do this is that we want to regard a weakly coupled Horndeski theory as a small deformation of GR. Variation of (83) w.r.t. the metric and scalar field yields the equations of motion
The explicit form of these equations for the most general Horndeski theory can be found in e.g. Appendix A of [16] . Our modified harmonic gauge equations of motion are defined in exactly the same way as in GR and for Lovelock theories. We introduce the two auxiliary (inverse) metricsg µν andĝ µν satisfying the same conditions as in section 2.1. The gravitational equation of motion is modified as in equation (9) and the scalar equation is left unchanged, so the equations of motion are
Initial data for Horndeski theories consists of a quintuple (Σ, h µν , K µν , Φ, Ψ) where h µν and K µν correspond to the induced metric and extrinsic curvature tensor of Σ, and Φ, Ψ to the values of φ and its normal derivative on Σ. The equations E µν n ν = 0 contain no second time derivatives of φ and g so they are constraint equations that the initial data must satisfy. The diffeomorphism invariance of the action implies that, for any g µν and φ, we have the generalized Bianchi identity
Since there are no gauge fixing terms in the scalar equation of motion, this identity implies that the equation describing the propagation of the gauge condition H µ remains the same as in GR, i.e., the deformed harmonic gauge equations of motion implies that H µ satisfies (12) . Thus if H µ and its normal derivative vanish on Σ then H µ will vanish throughoutD(Σ), as in section 2.2.
To construct initial data for (86), (87) we proceed as in section 2.2, writing the metric in terms of the lapse and shift to ensure that the surface x 0 = 0 is spacelike w.r.t. g µν . The time derivative of the lapse and shift are chosen to ensure that H µ = 0 at x 0 = 0 and the constraint equations then imply that the derivative of H µ vanishes at x 0 = 0 as in section 2.2. Hence H µ vanishes throughout D(Σ) and so the resulting solution of (86) and (87) is also a solution of the original Horndeski equations of motion inD(Σ) and hence also in D(Σ).
A general Horndeski theory is not quasilinear. We define the principal symbol by varying the equation of motion w.r.t. the second derivatives of the fields, as explained in Appendix A. The principal symbol acts on a vector of the form T I ≡ (t µν , ψ) T where t µν is symmetric. The space of such vectors is 11-dimensional so indices I, J, . . . take values from 1 to 11. We label the different blocks of the principal symbol as follows:
In other words:
We decompose the principal symbol as in (13) into a part P coming from (85) and a part P GF coming from the gauge fixing term. The former can be written
where the 11 × 11 matrix P (ξ) IJ is symmetric. This result, due to the diffeomorphism invariance of the action, was established in [10] . In particular we have
The contribution of the gauge-fixing term to the principal symbol is
It is useful to split P into the sum of two terms corresponding to the contributions from the Einstein-scalar field Lagrangian L 1 and the Horndeski terms L i with i ≥ 2 respectively:
where the Einstein-scalar-field part is
The form of the Horndeski terms δP (ξ) IJ can be found in Appendix B of [16] . As in the case of Lovelock theories, we define "weak coupling" to mean that δP (ξ) IJ is small compared to P Esf (ξ) IJ . This will be the case if the Riemann tensor and first and second derivatives of the scalar field are small compared to any length scales defined by the (dimensionful) Horndeski coupling functions G i (φ, X) and their derivatives w.r.t. X. As in the Lovelock case, if the initial data is chosen so that the theory is weakly coupled initially then, by continuity, the resulting solution will remain weakly coupled at least for a small time. But the theory may become strongly coupled over a longer time, in which case even weak hyperbolicity of the equations of motion may fail [10, 11, 12, 13] .
The equations of motion of a generic Horndeski theory are not quasilinear but they have the same special structure as Lovelock theories, i.e., they are linear in second derivatives w.r.t. any coordinate, and this property is not affected by the gauge fixing term. Hence, in a chart x µ = (x 0 , x i ), the modified harmonic gauge equation of motion can be written as
with u I = (g µν , φ) and A IJ is defined in terms of P IJ as in (19) . So the equations are linear in the second time derivatives of the fields. In Einstein-scalar-field theory, the matrix A IJ is invertible on surfaces of constant x 0 provided such surfaces are spacelike, i.e., spacelike surfaces are non-characteristic. By continuity, spacelike hypersurfaces remain non-characteristic for sufficiently weakly coupled Horndeski theories as well. Therefore, if we can show that the system (86)-(87) is strongly hyperbolic then the results reviewed in Appendix A will apply and local well-posedness of the initial value problem for weakly coupled Horndeski theories would be established.
Proof of strong hyperbolicity
Using a coordinate system x µ = (x 0 , x i ), the 11 × 11 matrices A IJ , B IJ , C IJ are defined by (19) .
To analyze the hyperbolicity of the equations of motion (86)-(87), we must study the eigenvalue problem of the 22 × 22 matrix M (ξ i ) defined by equation (20) 
We start by considering Einstein-scalar field theory. If ξ 0 is an eigenvalue for vacuum GR, with eigenvector (t µν , ξ 0 t µν ) T then ξ 0 is also an eigenvalue for Einstein-scalar-field theory with eigenvector (T I , ξ 0 T I ) T where T I = (t µν , 0) T (i.e. T I has ψ = 0). This gives us "pure gauge" eigenvaluesξ ± 0 and "gauge-condition violating" eigenvaluesξ ± 0 , each with 4 eigenvectors, and "physical" eigenvalues ξ ± 0 , each with 2 eigenvectors. A further physical eigenvector with eigenvalue ξ ± 0 is obtained by setting t µν = 0 and ψ = 1. Thus for each physical eigenvalue ξ ± 0 there are 3 eigenvectors, corresponding to 2 graviton polarizations and 1 scalar field polarization. The eigenvalues are all real, the total number of eigenvectors is 22, and the eigenvectors depend smoothly on ξ i . Hence our modified harmonic gauge formulation of Einstein-scalar field theory is strongly hyperbolic. Now we consider a weakly coupled Horndeski theory. Just as for a weakly coupled Lovelock theory, continuity of the eigenvalues implies that the eigenvalues of M (ξ i ) for weakly coupled Horndeski theories can be split into 6 groups. The decomposition
into total generalized eigenspaces and the definition of the corresponding projection operators (50) (that depend smoothly on ξ i , the background fields and the Horndeski couplings) is the same as for the Lovelock case. The counting of eigenvectors for Einstein-scalar field theory implies that the spacesṼ ± andV ± are 4-dimensional whereas V ± are 3-dimensional. Analogously to equation (23), diffeomorphism invariance of the action implies that [10] P gg (ξ) µνρσ ξ ν = 0,
The characteristic equation is (97). Writing the LHS as in (90), taking the contraction of the first row with ξ ν , and using (99), we obtain equation (24) . Hence the analysis splits into case (i) and case (ii) just as for vacuum GR and for Lovelock theories. For Einstein-scalar field theory we can split case (i) into subcases (ia) and (ib), as in GR, where the physical eigenvectors with t µν = 0 are included in subcase (ib).
In Einstein-scalar field theory, subcase (ia) gives the "pure gauge" eigenvectors with eigenvalues ξ ± 0 and T I = (ξ ± (µ X ν) , 0) T for any X ν . These are also eigenvectors for a Horndeski theory, with the same (real) eigenvaluesξ ± 0 . So the spacesṼ ± are genuine eigenspaces spanned by these eigenvectors. In Einstein-scalar field theory, subcase (ib) gives the "physical" eigenvectors with eigenvalues ξ ± 0 . We will discuss the Horndeski generalization of these below.
Case (ii) is defined by (35), so the (real) eigenvalues areξ ± 0 as in Einstein-scalar field theory. The corresponding "gauge condition violating" eigenvectors can be constructed similarly to the Lovelock case. One can introduce a smooth orthonormal (w.r.t. g µν ) basis adapted toξ ± µ (see the paragraphs above (36)) with indices A, B . . . labelling directions orthogonal toξ ± µ , which is spacelike w.r.t. g µν . Equation (99) implies that the only non-vanishing components of P gg (ξ ± ) µνρσ and P gφ (ξ ± ) µν are the ABCD and AB components respectively.
We then fix a vector v µ and consider the equation
We will show that the matrix on the LHS is invertible in a weakly coupled Horndeski theory. Consider first the case of Einstein-scalar field theory. In this case, the matrix on the LHS is block diagonal and (s AB , χ) belongs to the kernel iff
Since g γδξ± γξ ± δ = 0, we have χ = 0 and the argument used in the vacuum GR case establishes that s AB = 0, so the kernel is trivial in Einstein-scalar field theory. Thus the matrix on the LHS of (100) has non-vanishing determinant in Einstein-scalar field theory. By continuity, its determinant must be non-zero for a weakly coupled Horndeski theory. Hence this matrix is invertible. So, for each v µ , this equation uniquely defines (t AB (v), ψ(v)). This will depend smoothly on v µ . It also depends smoothly on ξ i because the matrix on the LHS, and the RHS of (100) depend smoothly on ξ i .
The rest of the argument proceeds as in GR: define X µ (v) as in (43) and t µν (v) as in (44). Let T I (v) = (t µν (v), ψ(v)) T . We then have P IJ (ξ ± )T J (v) = 0. Thus for each v µ we have constructed an eigenvector. Letting v µ run over a basis of 4 linearly independent vectors gives us 4 linearly independent eigenvectors. Thus we have proved thatV ± are genuine eigenspaces. The eigenvectors depend smoothly on ξ i .
It remains to show that the physical spaces V ± are genuine eigenspaces. Following the argument we used for Lovelock theories, we define the matrix H by equation (51) and the corresponding Hermitian form on V ± by (52). In Einstein-scalar field theory, V ± are genuine eigenspaces (this is subcase (ib)) and we can use the null basis introduced above equation (32) to show that this Hermitian form is
This is positive definite. By continuity, it remains positive definite for a weakly coupled Horndeski theory. Hence we have shown that our Hermitian form defines an inner product on V ± . Just as for a Lovelock theory, the defining equation of case (i), i.e. (55), and the symmetry of P imply the identity ξ
0 T (2) ) T belonging to V ± with respective eigenvalues ξ (1) 0 and ξ (2) 0 . We then follow the argument used for Lovelock theory to conclude that positive definiteness of the inner product on V ± ensures that the eigenvalues in the ξ ± 0 -groups are real, as in a weakly coupled Lovelock theory. The final step is to show that M (ξ i ) is diagonalizable on V ± . Again we follow the argument used for Lovelock theories and consider the left eigenvectors of M (ξ i ). The left eigenvectors corresponding to the eigenvalueξ ± 0 have the form (58) where s I = (ξ ± (µ X ν) , 0) T , for arbitrary X µ . From the Jordan decomposition of M (ξ i ), the subspaces V + , V − ,Ṽ + andṼ − must be orthogonal to these eigenvectors for any X µ and both choices of sign inξ ± µ . For v = (T I , T I ) T in one of these subspaces, this implies that 7
Similarly to the Lovelock case, writing out equation (99) in terms of the coefficients A IJ , B IJ and C IJ gives
This implies that R µ depends only on the principal symbol of the gauge-fixing terms, given in (93). Writing T I = (t µν , ψ) T and T I = (t µν , ψ ) T , the expression for R µ reduces to
Therefore any vector in V ± (orṼ ± ) must satisfỹ
The proof of the diagonalizability of M (ξ i ) in V ± is the same as for a weakly coupled Lovelock theory. Assume that there exists a non-trivial Jordan block in V + with corresponding eigenvalue ξ 0 . Then there must be a vector w ≡ (U I , U I ) T ∈ V + such that (M (ξ i ) − ξ 0 )w = 0 is an eigenvector v ≡ (T I , ξ 0 T I ) ∈ V + with eigenvalue ξ 0 . This is equivalent to the equations
where T I satisfies (97) and if we write T I = (t µν , ψ) then t µν satisfies (25) (the defining condition of case (i)). Decomposing (110) into the contributions of P and P GF as in (75), it can be shown that the gauge fixing terms cancel each other out. To see this, we note that the vector w ≡ (U I , U I ) lies in V + so it is subject to the constraint (108). Since the only nonzero components of P GF are P GF (ξ) µνρσ , a calculation identical to (76) establishes
Contraction of the remaining terms in (110) with T * I gives
The symmetry of P implies that the LHS can be written as U P T * = U (P T ) * , which vanishes because P T = PT = 0 using the fact that t µν obeys (25) and T I obeys (97). Since the inner product on the RHS of (112) is positive definite, it follows that v = 0, which is a contradiction. Hence, M (ξ i ) does not admit a non-trivial Jordan block in V + , i.e., M (ξ i ) is diagonalizable in V + . The diagonalizability of M (ξ i ) in V − follows similarly. Since M (ξ i ) has a basis of eigenvectors on the spaces V ± , it follows from the identity (103) that H is a symmetrizer on V ± . The definition of H shows that this symmetrizer is a smooth function of ξ i (even if the eigenvectors are not 8 ). A symmetrizer on V is now constructed from the (smooth) eigenvectors onṼ ± andV ± and the (smooth) inner product H on V ± , just as for a weakly coupled Lovelock theory.
This concludes the proof of strong hyperbolicity for weakly coupled Horndeski theories.
Discussion
Application to numerical relativity
Our modified harmonic gauge equations of motion involve two auxiliary Lorentzian inverse metrics g µν andĝ µν as well as the physical inverse metric g µν . The only conditions that we have imposed on these inverse metrics is that their causal cones should form a nested set as in Fig. 1 . Our reasons for imposing these restrictions on the null cones are threefold: (i) we can ensure that our initial surface is spacelike w.r.t. all three metrics simultaneously; (ii) our proof of strong hyperbolicity of the gauge fixed equations requires that the null cones of the three metrics do not intersect; (iii) in GR our assumption that g µν has the innermost null cone (in the cotangent space), and hence g µν has the outermost null cone (in the tangent space), implies that the causal properties of the gauge fixed equations of motion are determined by the physical metric rather than either of the auxiliary metrics.
Clearly there is considerable freedom in how we choose these metrics. A method that might be useful in numerical applications is as follows. Let n µ be a unit (w.r.t. g µν ) normal to surfaces of constant x 0 . We now chooseg µν = g µν − an µ n νĝµν = g µν − bn µ n ν .
Our assumptions about the causal cones of the three metrics require that the functions a(x) and b(x) satisfy
This ensures that the null cones are nested either as in Fig. 1 or as in Fig. 1 with the null cones ofg µν andĝ µν interchanged. The simplest possibility would be to choose a and b to be constants satisfying the above inequalities.
Although requirement (iii) is natural, it may not be essential for numerical relativity simulations. If one is willing to give up (iii) then the ordering of the causal cones in Fig. 1 can be changed. If we interchange the null cones of of g µν andg µν in Fig. 1 then we have the alternative condition
where the lower bound arises from the requirement thatg µν is Lorentzian. In this case, causal properties of the gauge-fixed equation of motion will be determined by the unphysical metricg µν , and we need to choose the initial lapse and shift to ensure that the initial surface is spacelike w.r.t. g µν . For a Lovelock or Horndeski theory, strong hyperbolicity requires that the physical characteristics do not intersect the null cones ofg µν andĝ µν , which will be the case at sufficiently weak coupling for any a, b satisfying (114) or (115). For stronger fields, one would not want a failure of strong hyperbolicity to arise simply from having chosen the null cones ofg µν andĝ µν too close to the null cone of g µν , so a, b should not be too close to zero. This should ensure that a failure of strong hyperbolicity (for stronger fields) arises from the behaviour of the physical degrees of freedom of the theory, rather than from the gauge fixing procedure. In a numerical simulation, one could check this by adjusting a, b to see whether this extends the time for which the simulation runs.
Our formulation may have some advantages even for conventional GR. In numerical relativity, it might be possible to tailor the choice ofg µν andĝ µν to one's needs. For example, consider the choice (113) with a = N/2 − 1 where N is the lapse function. Note that (114) requires 2 < N < 4 whereas (115) allows 0 < N < 2. In this case, the µ = 0 component of the modified harmonic gauge condition H µ = 0 gives the so-called 1 + log slicing condition (where N k is the shift vector)
This is a popular choice of slicing due to its good singularity avoidance properties (see e.g. [27] and the references therein).
As in conventional harmonic gauge, one has the option to introduce suitable source functions F µ (x) and impose the generalized modified harmonic gauge condition
Finally, the growth of numerical errors may be dealt with in the usual way, i.e. by adding lower order homogeneous gauge fixing terms so that the equation of motion for the metric becomes
where the constants κ 1 , κ 2 are chosen so that constraint violations are damped away during the evolution.
Domain of dependence
In a Lovelock or Horndeski theory, the "physical" characteristic covectors (i.e. those associated to V ± ) are generically non-null w.r.t. g µν , with some of them spacelike and others timelike. (Some explicit examples have been studied in [9] .) This means that causal properties of the theory are not determined by the null cone of g µν . We will now discuss, in qualitative terms, the implications of this for the domain of dependence properties of these theories. We assume that the causal cones of the three metrics are related as in Fig. 1 . Let (M, g) be a spacetime satisfying the modified harmonic gauge Lovelock or Horndeski equation(s) of motion and the weakly coupled assumption. Let Σ ⊂ M be an initial data surface, i.e., Σ is spacelike w.r.t. g µν and is therefore non-characteristic (because of weak coupling, as explained above). Assume that the constraint equations and the harmonic gauge condition are satisfied on Σ. Then, as explained above, g µν will satisfy the original Lovelock/Horndeski equation(s) of motion in D(Σ) ⊂ M . Now let Ω be a connected open subset of Σ. We define the domain of dependence of Ω, denoted D(Ω), to be the region of spacetime in which the solution does not change if we vary the initial data on Σ\Ω, keeping the data on Ω fixed. Strong hyperbolicity guarantees local well-posedness, which ensures that the solution is unique in a neighbourhood of Ω so D(Ω) is non-empty. We define the Cauchy horizon of Ω, denoted H(Ω) to be the boundary of D(Ω) in M . This will have two components: the future and past Cauchy horizons H ± (Ω). We expect these to be the "innermost ingoing" characteristic hypersurfaces of (46) emanating from, and tangential to, ∂Ω, the boundary of Ω.
In modified harmonic gauge GR (or Einstein-scalar field theory), there are three types of characteristic surface, namely surfaces that are null w.r.t. one of the three inverse metrics. The ordering of the null cones assumed in Fig. 1 implies that D(Ω) ⊂D(Ω) and D(Ω) ⊂D(Ω), so it follows that the innermost ingoing characteristic hypersurface is null w.r.t. g µν and so D(Ω) = D(Ω), the domain of dependence defined w.r.t. the physical metric. So we have recovered the usual domain of dependence property of GR.
In a weakly coupled modified harmonic gauge Lovelock/Horndeski theory, a characteristic surface is either null w.r.t.ĝ µν or w.r.t.g µν or its normal covector is associated to an eigenvector belonging to the "physical" space V ± . Generically, we expect N = (1/2)d(d − 3) distinct eigenvectors in each of V ± and so generically there will be N "physical" ingoing characteristic surfaces emanating from ∂Ω. At weak coupling, the covectors normal to these surfaces will be timelike w.r.t.ĝ µν andg µν (since this is the case in GR), which implies that these physical characteristic surfaces are spacelike (i.e. "superluminal") w.r.t.ĝ µν andg µν . Thus the Cauchy horizon of Ω will be one of these physical characteristic surfaces rather than one of the unphysical characteristic surfaces that is null w.r.t. g µν org µν .
We expect that, generically, this innermost ingoing physical characteristic surface will be spacelike also w.r.t. g µν (as for the examples in [9] ). Thus generically we expect the Cauchy horizon of Ω to be spacelike w.r.t. the physical metric g µν . It would be interesting to study properties of this Cauchy horizon and the domain of dependence D(Ω) in more detail.
valued function K(x, U, ξ i ) (called the symmetrizer) that is positive definite with smooth dependence on its arguments, and a positive constant Λ satisfying the conditions
The standard way to prove strong hyperbolicity is to show that M(x, U, ξ i ) is diagonalizable with real eigenvalues and a complete set of linearly independent and bounded eigenvectors that depend smoothly on the variables (x, U, ξ i ). Then one can use the eigenvectors to construct a suitable symmetrizer: if S denotes the matrix whose columns are the eigenvectors of M(x, U, ξ i ), then it is easy to check that K = S −1 † S −1 is a positive definite, smooth and bounded symmetrizer.
Strong hyperbolicity can be similarly defined for first order equations that are not quasilinear in the spatial derivatives, i.e. equations of the form
In this case, the condition of strong hyperbolicity refers to the matrix
and the symmetrizer K(x, U, ∂ i U, ξ i ) must also depend smoothly on the spatial derivatives of U .
The following theorem relates strong hyperbolicity to the well-posedness of the initial value problem.
Theorem. For strongly hyperbolic first order quasilinear systems (119) and nonquasilinear systems of the form (123), the Cauchy problem with initial data U (0, x i ) = f (x i ) is well-posed in Sobolev spaces H s with s > s 0 for some constant s 0 . That is to say, there exists a unique local solution U ∈ C([0, T ), R d−1 ) with T > 0 depending on the H s -norm of the initial data.
The theorem above is proved in e.g. Chapter 5 of [7] 9 . The statements about the quasilinear and the nonquasilinear systems differ only in the required order of regularity for the initial data, i.e. the value of s 0 . However, we shall not be concerned with the problem of optimal regularity in this paper. with initial conditions u(0,
A.2 Second order equations
We do not assume that the equation is quasilinear. We define the principal symbol as
Suppressing the IJ indices we have
where the N × N matrices A, B, C are given by
These matrices depend on x, u, ∂u and ∂ 2 u although we will not write this explicitly. We will restrict attention to equations for which V I depends linearly on ∂ 2 0 u. This implies that
We also assume that x 0 = 0 is non-characteristic, which means that initial data (126) is chosen so that det A = 0 at x 0 = 0. By continuity, this condition will continue to hold in a neighbourhood of x 0 = 0. We can then rewrite the equation as
Note that
where we used the equation of motion (131) in the second equality. Similarly 10
We will now write the second order system (131) as a first order system. Define v 0 ≡ ∂ 0 u and v i ≡ ∂ i u. Then (131) implies
together with the constraint equations C i = 0 where
The evolution system (135) is of the form (123) with the variable U ≡ (u, v i , v 0 ). Initial data for the auxiliary variable v i can be constructed from the data (126) by taking the spatial derivatives of the data for u on the initial surface. Hence the initial data for U is
Note in particular that by construction this data satisfies the constraint equation. Then it follows from the equations (135) that the constraints will also be satisfied at later times. To see this take a time derivative of (136) which gives
It follows that if (u, v 0 , v i ) is a solution of (135) arising from initial data of the form (137) then u will be a solution of (131) satisfying the initial conditions (126).
We will now demand that the first order system (135) is strongly hyperbolic and determine the conditions that this imposes on the second order system that we started from. The matrix M defined in (124) is
in the second equality we used ∂X/(∂(∂ i v j )) = ∂X/(∂(∂ i ∂ j u)) and equation (133), ∂X/(∂(∂ i v 0 )) = ∂X/(∂(∂ 0 ∂ i u)) and equation (134), and the definition of B IJ . This matrix acts on a vector space of dimension (d + 1)N . A general vector in this space can be written (s J , (t i ) J , (t 0 ) J ). The definition of strong hyperbolicity of the first order system refers to a smooth Riemannian (inverse) metric G ij on surfaces of constant x 0 . It is convenient to separate (t i ) J into a part (t ⊥ i ) J perpendicular to ξ i w.r.t. G ij , and a part t J ξ i parallel to ξ i . We then order the components of our vector as (s J , (t ⊥ i ) J , t J , (t 0 ) J ). With this decomposition, M becomes
where I is the N × N identity matrix and (P KJij ξ i ) ⊥ is the restriction of P KJij ξ i to vectors of the form. (t ⊥ i ) J . We write a general vector as the sum of (s J , (t ⊥ i ) J , 0, 0) and (0, 0, t J , (t 0 ) J ) respectively. This gives a block decomposition of M
and M is the 2N × 2N matrix
The matrices L and M (and hence M) depend on (x, u, ∂u, ∂ 0 ∂ i u, ∂ i ∂ j u, ξ i ), or equivalently on (x, u, v, ∂ i v, ξ i ).
We now examine the conditions for our first order system to admit a symmetrizer. Any hermitian (d + 1)N × (d + 1)N matrix K can be written as
Let us assume that we can find a positive definite hermitian matrix K, depending smoothly on (x, u, v, ∂ i v, ξ i ), and satisfying (145) and λ −1 I ≤ K ≤ λI for some positive constant λ. Assume also that M is invertible. We can then satisfy (146) with F = L † KM −1 . We then take E = cI where c is a positive constant.
If P IJµν is uniformly bounded then so are the matrices M , L and F when ξ i is a unit covector w.r.t. a positive definite (inverse) metric G ij . By taking c large enough we can ensure that K is positive definite and (122) holds for some Λ. Hence we have constructed a symmetrizer for the first order system. This motivates the following definitions for our second order equation:
Definition. Consider a second order PDE (125) satisfying (130). Define the matrix M , depending on (x, u, ∂u, ∂ 0 ∂ i u, ∂ i ∂ j u, ξ i ), by (143). Let ξ i have unit norm w.r.t. a smooth positive definite (inverse) metric G ij on surfaces of constant x 0 . The equation is weakly hyperbolic if all eigenvalues of M are real for any such ξ i . The equation is strongly hyperbolic if there exists a 2N × 2N hermitian matrix valued function K(x, u, ∂u, ∂ 0 ∂ i u, ∂ i ∂ j u, ξ i ) (called the symmetrizer) that is positive definite with smooth dependence on its arguments, and that satisfies (145), and a positive constant λ such that λ −1 I ≤ K ≤ λI. Note that any eigenvalue of M is either 0 or an eigenvalue of M . Hence if our second order PDE is weakly hyperbolic according to the above definition then the first order system (135) is weakly hyperbolic according to our previous definition. If our second order PDE is strongly hyperbolic according to the above definition then and M is also invertible then the above discussion shows that we can construct a symmetrizer for the first order system (135) and so this system is also strongly hyperbolic. Hence we can apply the well-posedness theorem stated at the end of the previous section to deduce well-posedness of the initial value problem for the second order system.
The condition that M should be invertible was used above but it is not a necessary condition for well-posedness. However, if this condition is not satisfied then it may be necessary to explore different ways of reducing the second order equation to a first order system. Therefore we will assume that this condition is satisfied. This condition is equivalent to the condition that C should be invertible, which is equivalent to the condition that (0, ξ i ) is never characteristic, which is equivalent to the condition that ξ 0 = 0 for any characteristic covector ξ µ .
In our modified harmonic gauge formulation of GR we choose our lapse and shift so that ∂/∂x 0 is timelike w.r.t. the metric with the innermost causal cone and hence timelike w.r.t. all three metrics. This implies that a covector with ξ 0 = 0 is spacelike w.r.t. all three (inverse) metrics and hence non-characteristic so M is non-degenerate. By continuity, this condition will also be satisfied by weakly coupled Lovelock and Horndeski theories.
B Maxwell theory in modified Lorenz gauge
In this section we will discuss the analogue of our new formulation of GR in the simpler setting of Maxwell theory. The presentation follows closely our discussion of modified harmonic gauge GR in section 2.
B.1 Equation of motion
The vacuum Maxwell equations for the (antisymmetric) electromagnetic field tensor F µν on a globally hyperbolic (d dimensional) spacetime (M, g) are
and the Bianchi identity for F ∇ [ρ F µν] = 0 (150) which implies that F µν can be written (locally) as the exterior derivative of a potential 1-form A:
Letg µν be an (inverse) Lorentzian metric on M and let
Our modified Lorenz gauge condition is then
We introduce another (inverse) Lorentzian metricĝ µν to write the gauge-fixed Maxwell equations as E µ mLg = 0 (154)
where E µ mLg is defined by E µ mLg = E µ +ĝ µν ∇ ν H.
Now the gauge-fixed equations for A µ can be written as E µ mLg ≡ −g µν g ρσ ∇ ρ ∇ σ A ν + g µρ ∇ ρ (g νσ ∇ σ A ν ) −ĝ µρ ∇ ρ (g νσ ∇ σ A ν ) = 0 (156)
In conventional Lorenz gauge g µν =ĝ µν =g µν and the second and third term in the above equation cancel, leaving a simple wave equation for A.
We assume that the null cones of the three metrics are related as in Fig. 1 .
B.2 Propagation of the gauge condition
To show that the gauge condition (153) is propagated we follow a standard argument similar to the original Lorenz gauge case (and analogous to the harmonic gauge GR case). We assume that we have a solution of (154) on M and consider the identity
that is a consequence of the antisymmetry of F µν . Using this we have
which is a homogeneous linear wave equation for H. Given initial data specified on a surface Σ spacelike w.r.t. g µν and hence also w.r.t.ĝ µν and g µν , one can impose the gauge condition H = 0 initially and then the constraint equation n µ E µ = 0 (where n µ is normal to the hypersurface) implies that n · ∂H = 0 initially. Hence, by well-posedness of (158), H vanishes throughoutD(Σ) and therefore also throughout D(Σ) ⊂D(Σ). So any solution of (154) arising from initial data satisfying the constraint equation and the gauge condition will also satisfy E µ = 0 in D(Σ).
B.3 Strong hyperbolicity
The principal symbol of (154) acting on a covector t µ is given by P(ξ) µν t ν = P (ξ) µν t ν + P GF (ξ) µν t ν (159) with P (ξ) µν t ν = −g µν g γδ ξ γ ξ δ t ν + g µγ g νδ ξ γ ξ δ t ν (160) and P GF (ξ) µν t ν = −ĝ µγgνδ ξ γ ξ δ t ν
As for GR, our task is to show that M (ξ i ) has real eigenvalues and possesses a complete set of eigenvectors with smooth dependence on the unit vector ξ i . This boils down to studying the characteristic equation P (ξ) µν t ν = 0.
In analogy with the GR case, the identity (157) implies that for any ξ µ ξ µ P (ξ) µν = 0.
Therefore, by considering 0 = ξ µ P(ξ) µν t ν = ξ µ P GF (ξ) µν t ν = (ĝ µγ ξ µ ξ γ ) g νδ ξ δ t ν
we find that at least one of the following two cases must hold: (i)g νδ ξ δ t ν = 0 or (ii)ĝ µγ ξ µ ξ γ = 0. The physical interpretation of case (i) is a high-frequency wave with polarization t µ and wave vector ξ µ that satisfies the modified Lorenz gauge condition. Case (i) can be split into two subcases: characteristics falling into this category must have either (ia) g µν ξ µ ξ ν = 0 or (ib) g µν ξ µ ξ ν = 0. An argument very similar to the one presented in the GR case reveals that characteristics in subcase (ia) satisfyg µν ξ µ ξ ν = 0 which has two real solutions for ξ 0 depending smoothly on ξ i . Adopting the notation used in section 2.3, we shall denote these solutions byξ ± 0 . The corresponding polarizations are t ± µ = ξ ± µ ≡ (ξ ± 0 , ξ i ); these are "pure gauge" vectors associated to the residual gauge freedom in (153). On the other hand, the modes of subcase (ib) have eigenvalues ξ ± 0 (obtained by solving g µν ξ µ ξ ν = 0 for ξ 0 ). The only requirement on the corresponding eigenvectors is that they be orthogonal to ξ ± µ = (ξ ± 0 , ξ i ) in bothg µν and g µν . Hence there are d − 2 linearly independent eigenvectors in this subclass (for each sign choice in ξ ± 0 ). These can be interpreted as the physical photon polarizations. Finally, case (ii) contains the "gauge condition violating" modes whose characteristic covectors denoted byξ ± µ = (ξ ± µ , ξ i ) are null w.r.t.ĝ µν . For each of these covectors there is only one corresponding eigenvector that can be found by following a similar strategy as in the GR case. In summary, we find that M (ξ i ) has 2d real eigenvalues and a complete set of smooth and real eigenvectors which guarantees that (154) is strongly hyperbolic.
Strong hyperbolicity of our modified harmonic gauge formulation of GR is robust against deformation of the theory into a weakly coupled Lovelock or Horndeski theory. Similary, strong hyperbolicity of the above formulation of Maxwell theory should be robust against the inclusion of small nonlinear terms, i.e., a weakly coupled theory of nonlinear electromagnetism (with second order equations of motion). The initial value problem for such theories has been studied by writing the equations of motion as a first order system for the field strength tensor F µν . This system is symmetric hyperbolic under certain conditions [14] . Our modified Lorenz gauge would provide an alternative well-posed formulation of such theories, with equations written in terms of the potential A µ instead of the field strength.
